Abstract-
I. INTRODUCTION
Brushless DC drives offer the simplicity of control of the brush-type DC motor without the associated disadvantages of weight, electromagnetic and acoustic noise, and high maintenance. They are also arguably the most efficient ac motor drives available due to the absence of rotor circuits. There are two general types, those whose permanent-magnet synchronous machine (PMSM) has buried magnets and which are typically salient, and those with surface mounted magnets and which are typically non-salient. These types are further divided into motors with sinusoidal and non-sinusoidal back emf's (BEMF). Machines with non-sinusoidal BEMF waveforms offer several advantages over their sinusoidal counterparts including greater power density, ease of construction and smaller inverter size. For these reasons, this type of brushless DC drive is common in industrial applications and is being considered for use in high power applications including Naval propulsion systems.
When designing a drive for a high power applications, it is necessary to consider the system impact. For example, in the context of a shipboard system, transient analysis of crashforward and crashback maneuvers is of concern, as is dynamic analysis such as characterizing the impedance into the drive to see if it satisfies input impedance specifications normally placed on components in dc power systems. These specifications are often based on the Middlebrook criteria [1] and have the objective of ensuring system stability.
Typically, Nonlinear Average Value Models (NLAM's) are used for both transient (large disturbance, nonlinear) and dynamic (small signal, linear) system analysis. As the name implies, such models represent variables in an average-value fashion and represent component nonlinearities. Since the state variables are constant in the steady-state, the models are readily linearized for dynamic analysis. The fact that the NLAM models feature constant state variables in the steady-state is also advantageous computationally since even if the system model is numerically stiff (which it typically is) integration methods such as Gear's stiff are highly efficient in solving the system dynamics. This is not the case in detailed models wherein the switching of each individual semiconductor is taken into account, because in this case, the switching of the power semiconductors periodically excites the high frequency dynamics which drastically reduces computational efficiency.
In order to derive the NLAM of a generic machine-converter system, the machine model must first be put into a form which (i) there are no rotor position dependent terms, and (ii) the state variables are constant in the steady-state. Such a model will be referred to as an ideal state model and is readily obtained in the case of a sinusoidal PMSM machine using Park's transformation [2] [3] . However, this is not true for the non-sinusoidal case so an alternate analysis must be used.
Herein a NLAM of a non-sinusoidal PMSM is developed using multiple reference frame (MRF) theory. First, the machine variable model of a non-sinusoidal BEMF PMSM is presented followed by the rotor reference frame model. At that point, justification for use of a MRF model is given using conservation of energy to show that an ideal state model is impossible to achieve by conventional techniques. The MRF NLAM is then derived for both the PMSM and the associated drive. Unique to this derivation in comparison with other MRF work [4] [5] [6] is the fact that an additional transformation is introduced which only applies to zero sequence variables. Experimental studies are conducted to verify the accuracy of the model. These include a steady-state torque speed curve, a no-load start-up study and a small signal impedance study. The impedance study illustrates a major advantage of the model since it accommodates dynamic analysis which is not readily performed using previous models. Although the model set forth is designed to accommodate system analysis, it is also conducive to component analysis as well. In particular, it is shown to accurately and conveniently predict steady-state performance and is as conducive to component control design as it is to system design.
II. MACHINE DESCRIPTION
This section sets forth a machine variable model for a three-phase PMSM with a non-sinusoidal back emf. Herein it is assumed that the PMSM exhibits no effects of saturation or demagnetization, and that the rotor has surface mounted permanent magnets and is non-salient. It is further assumed that the BEMF waveform is half-wave symmetric and thus has only odd harmonics. Fig. 1 Neglecting the effects of magnetic saturation, saliency (since the machine is surface mounted), hysteresis, eddy currents in the stator iron and rotor structure, and assuming that the BEMF is half wave symmetric the stator flux linkage equations may be expressed as
where the stator self inductance matrix is given by
In (4), and denote the stator leakage L ls L ms and mutual inductance, respectively. The peak strength of the fundamental component of the magnet flux linkage is denoted , which is λ m / constant since it is assumed no demagnetization is occurring. The coefficients in (3) represent the K n magnitude of the n'th harmonic of the magnet flux relative to the fundamental component normalized such that
. Although many assumptions are
inherent in the description, it will be shown to work quite well in practice. The reader is referred to [7] [8] for a more detailed discussion of the cause of the harmonics.
The electromagnetic torque may be derived by coenergy techniques [3] to yield 
reader is referred to [9] for a discussion of modeling cogging torque. The combined mechanical dynamics of the machine and load are represented by
where J is the rotational inertia, approximates B m the mechanical damping due to friction and T L is the load torque.
III. ROTOR REFERENCE FRAME
Although the machine variable model is mathematically and physically valid, it can be inconvenient to use due to rotor position dependent flux linkage equations as well as state variables that are not constant in the steady-state.
In a SM-PMSM machine with sinusoidal BEMF considerable simplification is obtained by transforming the abc machine variable model to a qd model in the rotor reference frame [1] [2] . The transformation is given by 
respectively. In (14-16),
L ms
The power may be expressed as Transforming the electromagnetic torque equation (5) into rotor reference frame yields
Although rotor position dependent terms still exist, several interesting conclusions may be drawn from this exercise. First, if and are constant, i qs r i ds r torque ripple proportional to the BEMF harmonics results. Second, observe that the zero sequence current may be used to contribute to average torque, provided the machine is not wye-connected, although an additional ripple component is introduced.
It is desirable to formulate a model in which not only the model rotor position is invariant, but also the system variables are constant in the steady-state.
As (18-19) suggest and as demonstrated in [10] , constant torque, speed, and output power may be maintained so long as the appropriate current harmonics are injected. Thus it is possible to construct a transformation such that the transformed current waveforms would be constant in the steady-state and would yield constant torque. However, controlling the currents in this fashion forces power input to be time-varying while the power out ( ) is T e ω rm constant. This is true regardless of the transformation used since conservation of energy requires that the power remain the same regardless of which variables are used to calculate it. This implies that at least one variable must be varying in the steady state under constant output conditions or the model must contain rotor position dependent terms. Therefore, no transformation exists that will produce the desired model. This is a generalization of the discussion in [2] that Park's transformation does not provide the desired analytical simplification.
IV. MULTIPLE REFERENCE FRAME ANALYSIS
Although derivation of the ideal state model is unachievable, the method of multiple reference frames can be used to obtain a model with all the desired characteristics. These include (i) absence of rotor position terms in the transformed model, and (ii) voltage, current, and flux linkage which are constant in the steady-state. Analysis begins by expressing the transformation of the q-and d-axis variables from the rotor reference frame to another reference frame rotating at some multiple of the rotor's electrical speed. In particular,
represents a transformation from the rotor reference frame, 'r', into the 'xr' reference frame rotating at 'x' times the electrical speed of the rotor. Applying (20) to (11) (12) yields the voltage equations in the 'xr' reference frame which may be expressed 
Although (20) will prove useful for operations on q-and d-axis variables, the zero sequence variables have to be treated separately. Herein, a new transformation is proposed that applies only to the zero sequence variables [11] .
The new variables are referred as the 'yr' variables in the ' ' reference frame where the transformation is αβ given below.
The pseudo inverse is defined as .
Note that the voltage equations have the same form as the traditional qd model (13) (14) . Also note that the torque equation (32) is written only in terms of magnet strength, and q-axis currents λ m / in different reference frames. Each term in (32) is a product of one of the Fourier series coefficients of the BEMF with a corresponding current harmonic.
V. AVERAGE-VALUE EQUATIONS
The mathematical description set forth still does not constitute the desired model. The flux linkages which are used as state variables are time varying and are not independent as is required in a ideal state variable model. Furthermore, exactly which reference frames to be used has yet to be specified. Clearly, from (32), only the '(6n+1)r', '(1-6n)r' and 'r' reference frames are represented for qd variables and only the '(6n-3)r' reference frames are represented for the variables. These αβ reference frames correspond to the harmonics in the BEMF. For an actual machine with a limited number of harmonics, for larger values of K n / ≈ 0 n. Only one reference frame for each non-zero BEMF harmonic need be included in the analysis. For example, a machine with an ideal trapezoidal BEMF waveform with 240 degrees of flat area per cycle has 99% of its power (in a signal analysis sense) in the first seven harmonics. This would require the 'r', '-5r', and '7r' qd reference frames and the '3r' reference frame to include the αβ non-zero harmonics.
Use of an averaging procedure, as originally defined in [4] , makes the state variables independent and yields variables which are constant in the steady-state. This procedure is based on the observation that the voltages, currents, and flux linkages will vary as a function of (where a is in the set of positive non-zero a6θ r integers) in the reference frames of interest. Therefore variables are replaced with their average-values taken over the period corresponding to a increment of electrical rotor position. 2π/6 This not only eliminates the rotor position dependent terms in (24-25) and (30-31), but also forces the state variables to be independent and constant in the steady-state. When performing the procedure it should be noted that the average of the product of speed and flux linkage is approximated as the product of the averages. This is an excellent approximation so long as rotor inertia is not unreasonably low [4] In order to express the power into the machine, the average of a voltage times a current is approximated as the average of the voltage times the average of the current. This can be shown by writing each variable in (18) in terms of its Fourier series representation, multiplying, and then taking the average. Accuracy of this procedure was demonstrated in [4] and is further confirmed herein. The input power is given by 
where the sets N and M are the sets of qd and αβ reference frames considered, respectively. The torque equation is averaged to yield
Note that the cogging torque term is eliminated by the averaging procedure. It will often be desirable to calculate the abc variables once the multiple reference frame variables have been solved for. The a-phase quantities can be written from the multiple reference frame variables as
mr cos(mθ r ) + 2f 0β mr sin(mθ r )]
The bs and cs quantities are found by substituting and for into (43),
respectively. At this point, it is convenient to summarize the MRF based NLAM. Equation (43) may be used to find the qd and quantities in the applied abc αβ voltage once it is expressed in Fourier series fashion. Once the MRF voltages are determined, (33-36) are used to calculate the derivatives of the state variables (flux linkages and rotor speed). The derivatives are integrated to yield the flux linkages (37-40) from which the currents are calculated. Finally, the torque (42) can be substituted into (7) which is integrated to determine the rotor speed. If desired, (43) may be used to determine abc currents and flux linkages. Although this model possesses more state variables than the original machine variable model, the state variables are now independent and are constant in the steady-state, making this model suitable for linear system analysis and facilitating steady-state analysis since the derivatives terms in (33-36) may simply be set to zero. Furthermore, the model remains valid in transient conditions. In the case that the Fourier series decomposition of the applied voltage contains more harmonics than the BEMF, additional reference frames may be added to portray their effect, although they will not significantly effect the electromechanical dynamics.
VI. DRIVE MODEL
In order to model a brushless DC drive system the analysis must be extended to include the inverter driving the SM-PMSM model. A diagram for a typical drive system is shown in Fig. 2 .
Determination of the MRF voltages applied depends on the modulation strategy and inverter configuration used. The experimental drive used to verify this work utilizes a three-phase H-bridge converter shown in Fig. 3 . This inverter allows zero-sequence current and can thus be used to demonstrate the effectiveness of the zero-sequence transformation. The modulation strategy is a simple voltage cancellation strategy [12] such that a symmetric rectangular wave voltage is applied with a fixed duty cycle as shown in Fig 4, [sin(πx
In order to formulate a system model, it is necessary to know the current that the inverter will draw. The average power into the inverter may be expressed as
where is the average dc bus voltage and is v dc i dc the current into the inverter. This is valid so long as the average dc voltage remains essentially constant in comparison to the dc current. Accuracy of this was shown in [13] . However, the 
VII. EXPERIMENTAL VERIFICATION
In order to validate the model of the non-sinusoidal PMSM, a test drive was constructed using a commercial 1/2 hp, 12 pole test machine having the parameters listed in Table 1 . Since this is a trapezoidal machine, only the first, third, fifth and seventh harmonics are modeled, resulting in the use of the 'r', '-5r', and '7r' reference frames for qd variables and the '3r' reference frame for αβ variables. If desired, more reference frames could be used to capture greater detail in the applied voltage and resultant current, however, little change in the electromechanical dynamics would result.
Steady-state torque-speed curves as predicted by the MRF NLAM, as predicted by a detailed computer simulation, and as measured are shown in Fig. 5 . As can be seen, all three are in excellent agreement. It is noteworthy that the MRF curve was straightforward to obtain since the derivatives in (33-36) may simply be set to zero for steady-state analysis.
Figs. 6-8 depict the free acceleration of the test drive as predicted by the MRF average value model, as predicted by a detailed simulation (cogging torque neglected) based on (28-32), and as measured.
Variables depicted include the electromagnetic torque, , the a-phase voltage, T e , a-phase current, , and dc current, . In v as i as i dc Fig. 8 the dc voltage is illustrated rather than torque, which was not shown because a suitable torque sensor was not available and because the experimental dc voltage waveform was used as an input of the detailed model and MRF NLAM so that the comparison could be made without considering the power supply output impedance.
As can be seen, there is good agreement between both models and the hardware measurements. In the case of the average value model, the machine variables are reconstructed from the qd variables using the inverse transformation. The high frequency ripple in the voltage waveform is a result of truncating the series representation for the voltage. There is also a slight difference between the simulated and 7 Since the machine is well over rated current at this point, and this effect is not observed at lower voltage levels, this discrepancy is presumably due to saturation of the leakage inductance, which is not accounted for in the models. Fig. 9 depicts some of the qd axis currents, which are linear combinations of the state variables. It is interesting to observe that, as expected, these variables are constant in the steady-state. This makes the model readily linearizable.
Some computer simulation languages, such as ACSL [14] , can automatically linearize this model. This is demonstrated in Fig.  10 , where the linearized model is used to plot the magnitude and phase of the input impedance,
. The discrete points shown in Fig. 10 are ∆v dc /∆i dc those calculated using the detailed model, which are obtained by the tedious process of applying a sinusoidal perturbation to the bus voltage and extracting the fundamental component of the response in the bus current, as done in a similar fashion in [6] . The results show that the detailed model is in excellent agreement with the NLAM, although the NLAM results were obtained in a fraction of the time (virtually instantaneously using the NLAM versus hours using the detailed model). It is interesting to note ripple in the phase curve which is correlated with the harmonics present in the applied voltage. This phenomena is predicted both by the NLAM and by the detailed model simulations.
VIII. CONCLUSIONS
Multiple reference frame analysis was employed in the development of an NLAM for a non-sinusoidal brushless dc drive. In this process, a new transformation to transform zero sequence variables to resemble traditional qd equations is introduced. This model is not only valid for transient and steady-state conditions, but has the further advantage that the state variables become constant in the steady-state. Herein, the use of the MRF NLAM was demonstrated in the calculation of the steady-state torque-speed curve, in the simulation of free acceleration, and in the calculation of the impedance looking into the drive. In each of these calculations, the MRF 
